In this work, two new completely integrable extensions of the Kadomtsev-Petviashvili ( 
Introduction
The KdV equation
plays an important role in the solitary wave theory. The balance between the weak nonlinear steepening of and the dispersion effect of in (1) generates solitons [1] [2] [3] [4] [5] [6] [7] [8] . The KdV equation is a spatially one dimensional model. The KdV equation is completely integrable [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , admits multiple-soliton solutions and exhibits an infinite number of conservation laws of energy. It is well known that for some nonlinear models, a phenomenon called soliton fusion arises where two or more solitons may fuse into one soliton at a special time. Moreover, another phenomenon called soliton fission may occur at other special times where one soliton may fission into two or more solitons. The fusion and fission phenomena have been observed in physical areas such as plasma physics and hydrodynamics. The K(n,n) equation [18] + 6( ) + ( ) = 0
also plays a role in the solitary waves theory. The delicate interaction between the nonlinear convection ( ) and the genuine nonlinear dispersion term ( ) gives the so-called compactons: solitons with compact support or solitons with exponentially decaying wings. Unlike the KdV equation, the K(n,n) is not completely integrable. It is well known that collision between solitons of completely integrable equations is considered completely elastic, where the amplitude, velocity and soliton shape do not undergo any change after the interaction. However, the interaction between compactons are not elastic where the compactons shapes or amplitudes undergo changes after collision. Unlike soliton that narrows as the amplitude increases, the compacton's width is independent of the amplitude. The classical solitons are analytic solutions, whereas compactons are nonanalytic solutions. The compactons discovery motivated a considerable work to make compactons be practically realized in scientific applications, such as the super deformed nuclei, pre formation of cluster in hydrodynamic models, the fission of liquid drops (nuclear physics), inertial fusion and others. Kadomtsev and Petviashvili extended the KdV equation to obtain the Kadomtsev-Petviashvili (KP) equation
Kadomtsev and Petviashvili [5] relaxed the restriction that the waves be strictly one dimensional, namely thedirection of the KdV equation to derive the completely integrable KP equation (3) . The KP equation describes the evolution of quasi-one dimensional shallow-water waves when effects of the surface tension and the viscosity are negligible.
Following the sense of the KP equation (3), we introduce the following extensions of the KP equation
and
termed as first eKP and second eKP respectively, where new terms 3 and 3 are added independently to the KP equation (3) . It is well known that nonlinear evolution equations involve the dispersive term such as the KdV equation, mKdV equation, the K(n,n) equation, and many others, and these equations give the solitonic solutions. Moreover, other nonlinear equations involve the dissipative effect term such as the Burgers equation, and this type of equations give wave front solutions in the tanh form. The main motivation for presenting the aforementioned KP extensions (4) and (5) is for studying the combined effects of the dispersion term and the dispersive terms and . Although Eq. (4) can be rewritten as
but we prefer to introduce it as given by (4) to highlight the dissipative effect term .
It is the aim of this work to show that these nonlinear extensions of the KP equation in (4) and (5) are completely integrable. This goal will be achieved by deriving multiple soliton solutions to the first eKP and the second eKP. We next aim to derive multiple singular soliton solutions for these two models. The Hirota's bilinear method [6] [7] [8] [9] [10] [11] [12] [13] , combined with Hereman et al. approach in [14] [15] [16] , gives the soliton solutions by polynomials of exponentials. We also aim to study the effects of the additional dissipative terms on the solitonic solutions. We only summarize the necessary steps of the combinations of these two schemes, where details can be found in among many others and the references therein.
(i) For dispersion relation, we use
(ii) For single soliton, we use
(iii) For two-soliton solutions, we use
where 12 is a constant that represent the phase shift.
(iv) For three-soliton solutions, we use ( ) = 1 + 
where the necessary condition for the existence of the three-soliton solution, and hence for multiple-soliton solutions is 123 = 12 23 13 (11)
For singular soliton solutions, we follow similar steps, with some exceptions, that will be presented later.
Completely integrable equations
Many systematic methods are usually employed to study the nonlinear equations and to examine the complete integrability of a nonlinear model. The generalized symmetry method, the lax pairs, the Painlevé analysis, the inverse scattering method, the Bäcklund transformation method, the conservation law method, the Cole-Hopf transformation, and the Hirota bilinear method are mostly used. The Hirota's bilinear method and the Hereman's approach are rather heuristic and possesses significant features that make it ideal for the determination of multiple soliton solutions for a wide class of nonlinear evolution equations. In , it was shown that some nonlinear equations, such as the KdV equation with time-dependent coefficients, give only one soliton solution. In [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , it was stated that there exists nonlinear equations that have two soliton solutions but do not have N-soliton solutions for N > 2. In other words, this means that if an equation has N = 2 solitons, it does not imply it has N = 3 solitons.
Examples of these equations with two solitons only are the ninth-order KdV and sixth-order Boussinesq equations.
No N-soliton solutions with N 3 appears to exist for these equations. Hirota [7] [8] [9] [10] [11] , Hietarinata [12, 13] , Matsuno [14, 15] , Hereman et al. [16] and Scott [17] pointed out this result after calculating solitons explicitly and directly without using the inverse scattering method or the Backlund transformations. Most importantly, every solitonic equation that has N = 3 soliton solutions, it also has soliton solutions for N 4, hence called integrable. Hirota [7] [8] [9] [10] [11] , Hietarinata [12, 13] , Matsuno [14, 15] , and Hereman et al. [16] worked and confirmed this result in a series of papers. Matsuno addressed this issue, together with a test for the induction principle to go from N to N + 1, for N 3, in his book [15] . In summary, the existence of one soliton or two soliton solutions does not imply the existence of three or more soliton solutions. However, for any equation with N = 3 soliton solutions, then solutions for N 4, for finite N exist and hence the equation is completely integrable. For more ideas, the reader is advised to read the references [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and some of the references therein.
The first eKP equation
In this section we will use the Hirota's direct method combined with the Hereman et al. approach to conduct our analysis.
Multiple soliton solutions for the first eKP equation
We start our analysis by considering the eKP equation
into the linear terms of (12), and solving the resulting equation for we obtain the dispersion relation
and hence θ becomes
We next substitute
where
into Eq. (12) and solve to find that R = 2. This means that the transformation (16) becomes
Consequently, the single soliton solution for the (2+1)-dimensional nonlinear evolution equation (12) 
and hence (23) where 12 is given above in (21) . To determine the two-soliton solutions explicitly, we substitute (23) into (18). To determine the three-soliton solutions we set ( ) = 1 + (25) The three soliton solutions are obtained by substituting (24) into (18) . This shows that the (2+1)-dimensional eKP equation (12) is completely integrable and N-soliton solutions can be obtained for finite N, where N 1.
Multiple singular soliton solutions for the first eKP equation
We next aim to derive multiple singular soliton solutions for the eKP equation
into the linear terms of (26), and solving the resulting equation for we obtain the dispersion relation
into Eq. (26) and solve to find that R = 2. This means that the transformation (30) becomes
Consequently, the single singular soliton solution for the (2+1)-dimensional nonlinear evolution equation (26) 
into Eq. (26), where θ 1 and θ 2 are given in (29), we find that the phase shift 12 is given by 12 =
and hence
This in turn gives 12 23 13 (39)
The three singular soliton solutions are obtained by substituting (38) into (32).
The second eKP equation
In this section we will follow an identical approach to our analysis presented before, therefore we will skip details.
Multiple soliton solutions for the second eKP equation
We start our analysis by considering the second eKP equation
into the linear terms of (40), and solving the resulting equation for we obtain the dispersion relation
We next substitute 
The result for the phase shift is the same as that we obtained above for the first eKP equation. This in turn gives 12 is given above in (49). To determine the two-soliton solutions explicitly, we substitute (51) into (46). To determine the three-soliton solutions we set
complete integrability of the models was formally examined and confirmed. Multiple soliton solutions and multiple singular soliton solutions were formally derived by using the Hirota's direct method combined with the Hereman modified scheme. The phase shifts were the same for the two models, whereas the dispersion relations are different. The new terms, that were added, affected the phase shifts if compared with that derived for the standard KP equation.
